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RANKS AND DEFINABILITY IN
SUPERSTABLE THEORIES

BY
DANIEL LASCAR

ABSTRACT

We study the notion of definable type, and use it to define the product of types
and the heir of a type. Then, in the case of stable and superstable theories, we
make a general study of the notion of rank. Finally, we use these techniques to
give a new proof of a theorem of Lachlan on the number of isomorphism types
of countable models of a superstable theory.

0. Introduction

As is well known, the ultrafilters and the complete types of a theory are both
maximal filters of a Boolean algebra. Moreover, Lindstréom has interpreted
ultrafilters over w as complete types over a certain structure. It is tempting to
generalize some of the notions which have been introduced in the study of
ultrafilters in order to extend them to the study of types. A natural notion to look
at is that of product, which leads to a condition on types, which we call
well-definability. For ultrafilters over » this condition vanishes because all of
them verify it. This is where stable theories come in: every complete type over a
model of a stable theory is well-definable as follows from results of Shelah.

If p is a complete definable type over a model M, then, for any & which is an
extension of #, p has a priviliged extension over . It will be called the heir of p
on &{. Some applications of this notion have already appeared in [9]. Yet another
remarkable fact makes stable theories the natural framework for our topic: the
product of complete types of stable theories commutes: this has numerous
consequences. Among them a useful “reciprocity principle’” (Theorem 4,7). It
also leads to a general study of the notion of rank, and to the definition of a new
rank U (Section 5), which in some sense is univeral and has very strong
properties. As an application we give a new proof of the theorem of Lachlan [8]
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on the number of isomorphism type of countable models of a superstable theory
(this theorem generalizes the well-known theorem of Baldwin and Lachlan [2]).

After this paper had been written in an initial French version the author
became acquainted with the work of Shelah on forking which will appear in his
book on stability [17]. Although this notion will not be used in this paper, let us
make some remark on the relationship between our methods and those of
Shelah: in Section 4, we prove that provided an ordinal-valued rank satisfies
some very natural axioms, and that the theory is superstable, the relation “to
have the same rank” for type p € S.(#) and p’' € S.(#B), where  C B and
p C p', does not depend on the particular rank used, and we give (Proposition
4,13) an equivalent condition which does not involve any notion of rank. If the
theory is stable but not necessarily superstable, in Shelah’s terminology, our
condition is precisely equivalent to: p’ does not fork over .

Shelah has proved independently most of the results for forking and stable
theories which correspond to various theorems of Section 4; in particular,
Theorem 4,4 (and hence Theorem 3,4); 4,7; 4,15; and Corollary 4, 16. Theorem
4,12 can also be deduced from his results. He further proved that if p’ € S.(3)
and p=p’' | & then p’ does not fork over « if and only if R(p)= R(p’),
whenever R is either the Morley rank or one of the many ranks he considers.
Finally our proof of Theorem 4,12 has been simplified by the referee.

On the other hand, the notion of forking allows us to strengthen and to
generalize various results of ours; statements and proofs will appear in a
forthcoming paper.

1. Notations

The language L will be fixed, as well as a complete theory T in L; we shall
assume that T admits elimination of quantifiers (that we may always do so,
without loss of generality, is proved in [12]), and that T has no finite models. We
shall sometimes also suppose that L does not contain any constant or function
symbols (this will not restrict the generality of our results). L, will denote the set
of formulas whose free variable is among vo, vy, " * *, Un-y.

If A is a set, we shall denote by A the set of finite sequences from A.If @ € A
and @ = (ao, a1, - -, an), then |@|={a¢, a,---,a.} and BUa=BU]|a|. The
symbol 0, will denote the sequence (vo, vy, -+, 0.-1); L(A) is the language
obtained from L by adding a constant for every a € A, which we shall also
denote a. If o €L and a € A, @ = (ao, ay,* " *, a.) then ¢(a) is the formula of
L(A) obtained from ¢ by substituting, for every i, 0=i =n, a; for v.

Let K(T) be the category whose objects are substructures of models of T and
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whose maps are monomorphisms between such objects (see [14] p. 165). The

letters o, o', B, - - - will denote objects of K(T), and M, M',-- -, will always
denote models of T;A,A,B,--- MM’ --- are the universes of
A, A, RB, - M, M',---. Since we have elimination of quantifiers the set

{e(a); pEL, aEA, M=¢(a)

does not depend on #, provided that & C #, and will be denoted by T(s).

Let {xo, x1," ", Xs, - - -} be a set of new individual constants which we disting-
uish from the individual variables, and set X, = (xo, X1, " - -, Xa-1). An n-type over
o is a set of formulas of L(A U £,) consistent with T(s«/). A complete n-type
over & is a complete theory in L(A U &, ) which extends T(«); S, (&) is the set
of all complete types over & ; and S,(Z) = S.(T) whenever & € K(T).

The set S, () will be made into a topological space in the usual way (see [11]);
if f is monomorphism from  into %, we shall denote by f" the corresponding
continuous map from S,(%) onto S.(«). More precisely, if p € S,(%B),

f"(P) ={p(ao, a, -, am-1); ¢ € L(%.), (a0, a1, *, am-1) € A—,

¢(f(ao), f(as), - f(an-1)) € p}.

When o C 9B, €. is the canonical injection from sf into B; weset ig= é%a.
If ¢ C B and b € M, the type realized by b over o in M, denoted by tu (b, ),
is defined by

tu(b, #) = {¢(%.); ¢ € L.(A) and M|=¢(b)}.

It is clear that, if M CM’, tu(b, )= tu (b, A), so that, context permitting, we
shall write t(b, /) instead of t4(b, ).

2. Definable types

DeriNiTION 1. We say that d is an n-preschema on & if d is a map from
L(%.) into L(A) such that for all k € w, if ¢ € Li(X.), then d(¢)E L. (A).
Let & D &, and consider the following set:

d(B)={e(h); ¢ € Li(x.), k Ew, b€ B* and d(¢)E T(B)}.
If this set is an n-type over 3, we shall say that d(% ) is defined by d over 3.

DEeFINITION 2. Let p € S,(B), and o C %. We say that p is definable on o if
and only if there is an n-preschema on & which defines p over 3 p is definable
if it is definable on %.
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ProprosITION 3. Let of C M and d be an n-preschema on A. If d(M) is an
n-type over M which includes T(M) and is deductively closed, then the three
following conditions hold ;

1) If e €L, then T(A)F ¢ > d (o).

2) If o0’ €EL(X.) and T+ — ¢’, then T(f)+d(¢)— d(¢’).

3) If ¢, ¢’ € L(%.) then T(A)Fd(p — ¢ )—>(d(¢)—>d(¢")).

If, moreover, d(AM) is a complete n-type, then conditions 4) and 5) are also
satisfied :

4) If o € L(x.) then T(HL)Fd(¢)ed(Te).

S)If ¢, ¢’ €L(%.)  then T(A)rd(e Ao (d(e)rd(e) and
T(L)td(e ve)e(d(e)vd(e))

ProoF. 1) Suppose that ¢ € L, and let b € M*; then ¢(b) € T(M) if and
only if ¢(b) € d(M), if and only if d(¢)(b)€E T(M). So

M=V5.(p <> d ().
But this formula belongs to L(A), and that implies:
T(d)t o < d(e).
2) Suppose now that ¢, ¢’ € L, (%,) and
Tte—¢’
and let b € M*, If
M=d(¢) ()

then @(b)E d(M), and since d(#M) includes T and is deductively closed
e'(b)e d(M), and

Ml=d (") (D).
So
M=V (d(@)—>d(e")
and
T(A)trd(e)—d(e’).
Conditions 3), 4), and 5) are proved in the same way.

DEeFINITION 4. An n-schema on & is an n-preschema on & verifying
conditions 1),2),3),4).
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If p € S.(B), B D oA is defined by an n-schema on &, then p is well-definable
over o ; p is well definable if it is well definable over %.

PrRoOPOSITION 5. Let d be an n-preschema on A satisfying conditions 1), 2) and
3), and B D A. Then d(RB) is an n-type over RB. If d is an n-schema, then
d(B)E S.(B).

ProoF. Suppose d satisfies conditions 1), 2) and 3). First we prove that d(#)
is closed under deduction: suppose that ¢,¢'€ Li(%.),b€ B* and
e(b)— ¢'(B)E d(B) and ¢ (b) E d(RB); we know that

d(¢ —¢)(5).d(¢)(B)E T(B)
and from condition 3)
Vi (d(e = ¢)— (d(¢)—>d(¢") E T(R).
Since T(%) itself is closed under deduction:
d(¢")(b) E T(B)
and
e'(b)E d(B).
Suppose now that ¢ € L,..(%,), b € B*, and
Voop (o, b) € d(B).
Let b'€ RB; clearly
FVYvop —> ¢
and by condition 2)
Voi(d(Vvop)— d(¢)) E T(B).

Since d(Vvop (vo, b)) E T(B), d(¢)(b',b)E T(B) and ¢ (b', b) € d(B).

To see why d(%) is consistent, it is sufficient to notice that
Fvo(ve # Vo) € d(RB), since from 1) d(Ive(ve # o) Fvo(vo # o) € T(B) and
Fvo(vo # v0) € T(RB).

Now it is clear from condition 1) that T(B)C d(%), so we have proved that
d(®RB) is an n-type over R.

Suppose now that condition 4) is satisfied, ¢ € L.(%,),b € B and
@(b)Z d(B). Then d(¢)(b) & T(RB), and 1 d(¢)(h)E T(B). So d("¢)(h)E
T(B), and "o (b)) E d(RB).



58 D. LASCAR Israel J. Math.

CoOROLLARY 6. If d is an n-schema on d, then d satisfies condition 5).

Proor. Indeed, let # D «; then d(M)€E S.(A), and from Proposition 3 d
satisfies Condition 5).

ProrosiTION 7. Let d and d' be two schemata on M. Then the three following
conditions are equivalent:

1) d(M)=d'(M).
2) For all ¢ € L(%,), M|=d(¢)< d'(¢).
3) For all £ D M, d(f) = d'(s4).

Proor.
1)—>2): If ¢ € Ly (%,) and b € M*, then

M|=d(¢)(b)if and only if M |=d'(¢) (D).
So M|=V.(d(¢)< d'(¢)) and
Ml=d(p) e d'(e).

2)—3): If ¢ € L.(%.),and @ € A%, itis clear that d(¢)(a) € T(«) if and only
it d'(¢)(a)€ T(L). So d(f)= d"().
3)—1) is obvious.

DEerFINITION 8. Let p be a definable complete n-type over #, and M C .
The heir of p on o is the type d (), where d is any schema on  defining p.

From Proposition 3, we see that in fact p is well-definable, and clearly d (/)
does not depend on d, provided that d(#) = p. Of course d() is an extension
of p.

The proof of the following proposition is an easy exercise:

PROPOSITION 9.

1) Let M 2 £ D B, and p be a definable complete type over M. Then the heir of
p on B is an extension of the heir of p on .

2) If M C o4, p € S.(A), and p is definable on M, then p is the heirof p | M.

3) If M C M, C oA, and p is a definable complete type over M, then the heir of p
on o is the heir on o of the heir of p on M,.

4) Let f be an isomorphism from o onto ', M C A, M'C ', such that
M = f(M'), and p € S.() such that p is the heir of p | M. Then f(p) is the heir

of f(p) 1 4 )
5) Let A CACRB, b=(bo,b1,"*,bat) EB", 7 be a map of | € w into n,
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5’ = (b.,-(o), b.,(l), ey, b,-(lAl)). Ift(l;, ..Qg) is the heir Of[(l;, ‘/“), then t(l;', .Sd) is the heir
of t(b', M).

We shall now illustrate these notions by examples.

ExampLE 1 (ultrafilters). As far as the author knows, the connection be-
tween ultrafilters and complete types first appears in [10]. We shall briefly recall
the essential facts.

Let L be the language containing, for all n € » an individual constant symbol
n, forall n € w and A C 0" an n-placed predicate symbol A, and for all n € w,
and any map f from »" into o an n-placed function symbol f; N will be the
L-structure whose universe is w and where n is interpreted by n, A by A, and f
by f; let T, be the theory of #. Then T, admits elimination of quantifiers and is
universal.

Let p € S, (&), and consider

a.(p)={A; A Cw" and A(%,)E p}.

It is not difficult to see that «,(p) is an uitrafilter over w". Let B(w") be the
topological space whose universe is the set of all ultrafilters over ", with
C={{p; A Ep}; A Cw"} a basis for closed sets. We see that B(w") is the
Stone-Cech compactification of ", if @" has the discrete topology. It is a
compact Hausdorff space, and C is also a basis for the open sets.

It is easily checked that «, is a one-one continuous map from S,.(~) onto
B(w"). B

Let M C M’ be models of T, and @ € M'. We denote by #(a) the structure
generated by # and a in #'. The following result appears in [9].

ProposiTioN 10. Let N < M, dnd a E M". Then N(d) is isomorphic to
N Ip, if p = a.(t(a, N)).

We now exhibit a link between ultrafilters and definability.

ProposiTION 11. Let p € S.(X); then p is definable.

Proor. For every k € w and ¢ € Ly(%.), set
A(p)={a;a€w* and ¢(a)€p},

and d(¢)= A (¢)(d). It is clear that d defines p over A.

It will be obvious from Proposition 22 below that it is impossible that for every
M, model of T, and p € Si(M), p be definable. But we can use the following
result, due to Ressayre, to prove something stronger:
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ProposiTioN 12. Let M C M' be a model of T,, a € M' — M, and suppose
that t(a, M) is definable. Then M (a) is an end-extension of M (that is, for all
be M(a)— M and c EM, M(a)|=c=b; the interpretation of < in N is just the
natural ordering).

ProoF. Suppose b € M(a), c € M’, and
M(a)l=b=c.
There exist n € w, i a map from »" on w, and d € M"™" such that:
M(a)=b=i(d, a).
Since t(a, M) is definable, there is ¢ € L,(M) such that, for all m € M
M(a)=i(d,a)=m ifandonlyif M|=¢ (m).

The Peano axioms are in Ty, so there is ¢, which is the least element of #

verifying ¢ (vo). Then:
Ma)|=b=cor b =co—1).

Sob=coand bEM.

COROLLARY 13. If ¥ < M, N'# M, then there is p € Si(M) which is not
definable.

Proor. Let a € M — N; the following set of formulas:
{xo=alU{xoZm;meEeM}U T(M)

is consistent. Let ' be an extension of { containing an element b verifying all
these formulas. Then 4 (b) is not an end extension of # and t(b, #) is not
definable.

The literature concerning B(w) is plentiful. We shall see that we can interpret
some notions which have been introduced over B(w) in model theory using the
notion of definability.

If F and G are ultrafilters over w, set

FXG={A;ACw> and {n;{m;(n,m)E A}E€ F}€ G}.

It is well known (see [4], for example) that F X G is an ultrafilter over »?, and we
have:

ProposITION 14. Let p and q belong to Si(N), N' < M, b € M realizing pand q
respectively over N. Then
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axt(a, b), N') = ax(t(a, V') X ar(t(b, X)) = ai(p) X a:(q)
if and only if t(a, N (b)) is the heir of t(a, N') on N(b).
Proor. First, suppose that t(a, (b)) is the heir of t(a, ¥') on N (b). Let
A C o? and set

B ={n; A(x,,n)E p}.

If d is a schema on N defining p, then
N[=d (A (xo, vo)) <> B(v0)
and the following are equivalent
A(xo, x)E t((a, b), ¥)
A(xo, b) E t(a, N(b))
M|=B(b)
B € aq).

So A € ay(t(a, b), N) if and only if {n; A(xo,n) € p} € ai(q). But, for every
nE€w, A(xe,n)E p if and only if {m;(n,m)€ A} € a\(p) and we are done.

Suppose now that a(t(a, b), N))= a.(p) X a:(q). Let M4'D M, and a' E M’
such that t(a’, ¥ (b)) is the heir of p on N (b). Then, from the first part,
ax(t((a,b), N))= a(t((a',b),N)), and since a, is one-one, t((a,b),N)=
t((a’, b), ¥) and also t(a, N'(b))=t(a’, N(b)).

Of particular importance are also the Rudin-Keisler and the Rudin-Frolik
order.

Let FE€ B(w), and i a map from @ into w. Then the set

{A;ACw and i7'(A)EF}
is an ultrafilter over @, which we shall denote by i(F). For F, G € B(w) we say
F z G if and only if there is a map i from w on w, such that G = i(F). The
RK
following is easily proved:
Prorosition 15. Let p and q belong to S:(X'). Then a(p) = a2(q) if and only
RK

if every extension of X realizing p realizes q.

DermiTioN 16. Let (F;;i € w) be a sequence of ultrafilters over »; we say
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that this sequence is discrete if there is a sequence (A:; i € w) of pairwise disjoint
subsets of w such that, for all i € 0w, A; EF.

If (F;i € w) is a sequence of ultrafilters over w, and G € B(w), then
{A;ACw and {i;A €F}e€ G}

is an ultrafilter over w. It is the limit of (Fi;i € w) along G. If (F;i € w) is
discrete we shall denote that ultrafilter by Z[(F; i € w), G].

DEeFiniTION 17. We say that F = G if there is a discrete sequence (F;;i € w)
RF

such that F = Z[(F;i € w), G].

It is proved in [4], that the relation 2 is a preordering and that F = G implies
RF RF

F = G. Now we -have:
RK

ProrostTioN 18. Let p, q € S{(N'), and suppose that a(p) = a.(q); then there
RF

exist M D N, a € M realizing p over N, b € N(a) realizing q over N, such that
t(a, N (b)) is definable.””

Proor. Let (F;;i € w) be a discrete sequence of ultrafilters over w such that
a(p)=Z[(F;i Ew),ai(q)], and let (A;;i € w) be a sequence of pairwise
disjoint subsets of w, such that for all i € w, A; € F. We may suppose that
{Ai;i € w} is a partition of w. Let h be the map from w into @ such that, for
i € w,i € Ay, and let M be an extension of & and a € M realize p over V.

Claim 1: If b is the element of N(a) such that

M|=b = h(a),

then t(b, /)= q. Indeed, A(xo)E q if and only if A € a,(q), if and only if
U ica A € ai(p); but U ca A= h7'(A). So A(xo) € q if and only if

M=hT'(A)(a)
and it is clear that this is equivalent to

M|=A (h(a))
and to
M|=A(b).

™ A. Blass has proved that the converse is not true.
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Define now d, a preschema on N(b): for all n € w, and ¢ €L, .,

d (@ (x0,0.))= A (¢) (b, 0)
where A(¢)={(i,y);i €Ew,y Ew" and {n; N|=¢(n,y)} € F}.
One can check that d is a 1-schema on N (b).
Claim 2: d(N'(b))is an extension of p; for all B C w, B(x,) € p if and only if
A={i;i€w and {n;nE€w and N|=B(n)l€EF}E ai(q).
But A(b)= d(B(x.)), and so B(x,) € p if and only if B(x.) € d(N(b)).
Claim 3: h(xo)=b € d(N(b)). We have
d(h(x0) = vo)= A(b,vo), where
A={Gy);(,y)Ew’® and {n;n€w and N|=h(n)=y}EF}.
But {n;n €w and N|=h(n)=y}= A, and A, €EF, if and only if y = i. So
M|=d (B (x0) = vo)) > b = v,

and h(x,)= b € d(N(D)).

Now let /' be an extension of N(b) generated by ¥(b) and a’ € M’, where
t(a’, N(b))=d(N(b)); then M’ is generated by a’ alone, #'= N(a’), and M’ is
isomorphic to ¥(a).

ExaMpLE 2 (abelian groups). Let L be the language whose similarity type is
©, +, —, =,R,, n21), where 0 is a constant symbol , +, — are binary function
symbols, and each R, is a 1-placed predicate symbol. By a group we mean an
L -structure satisfying the axioms of abelian groups and the formulas

Vvo(R.(vo) & Jvi(nv, = 1)) for n=1.

We shall fix an infinite group G, and let T, be the theory of G. It is proved in
[19] that

ProrosiTiION 19. T, admits elimination of quantifiers.
From this we can deduce (see [3]):

ProrosiTioN 20. For all models M of T\, and p € S.(M), p is definable.

A consequence of this and of Proposition 22, below, is that T, is stable.

Suppose now that G is a torsion-free group; therefore every model of T is a
torsion-free group. Let M, < M, < M, be models of T,, and a € M,. We shall
denote by #;(a) (i =0, 1) the pure subgroup generated by #; and a. We have:
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M;(a)={m;m € M,and thereexist n # 0, k € w,b € M, suchthat nm = ka + b}.

We leave the following as an exercise for the reader:

Claim 1: If a € M,—~ M,, then t(a, M,) is the heir of t(a, M,) if and only if
Ma)= Ma)+ M.

This can also be expressed by

Claim 2: If a € M,, then t(a, M,) is the heir of t(a, #,) if and only if

-/“1((1 )/\/“0 = \/“o(a )/-/“o@ M Mo

ExampLE 3. Let p be an isolated complete n-type on & ; then p is definable.

Let y(%.), where ¢ € L,(A), be such that p is the unique complete n-type on
& containing ¢(%,). Then, for every k € w, ¢ € L..i, and a € A*, we have

¢ (X, a) € p if and only if V0,(¢(0.)— ¢ (Tn, a)) € T(HA).

So if we set

d(@(Xn, 0)) = YWa (Y (W) = @ (W, D))
d defines p on 4.

ExampLE 4. There are complete types which are definable but not well-
definable. For example, let T be the theory of algebraically closed fields of
characteristic 0, C be the field of complex numbers, Q the field of rational
numbers, and consider p, the unique complete 1-type over Q containing x3 = 2.
This type is definable, from what we have said in Example 3.

Suppose that there is a schema on Q, say d, which defines p. Then one and only
one of the formulas xo= V2 and xo= — V2 belongs to d(C), so one and only
one of the formulas d(x, = v,) (\/5 or d(xo = vo) (— V2) is true in C, and this is
impossible since d(xo = vo) € L(Q), and V2 and - V2 realizes the same type
over Q.

If T is No-stable, it is possible to characterize the well-definable types: they are
those whose degree (as defined in [12]) is 1. Shelah ([17]) has proved a more
general result which characterizes these types for any stable theory.

We go back now to the general theory. Everything here rests on the following
theorem, which has been proved by Shelah ([16]), and Baldwin ([1]):

THEOREM 21. If T is stable, then every complete type on & is definable.

This theorem admits a converse ([16]):
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ProrosiTioN 22. If, for every o € K(T) every complete type on  is definable,
then T is stable.

ProoF. If|| A || = A, there are no more than A'"" maps from L into L(A).

In [9] there is an application of the notion of heir to two-cardinal problems in
countable stable theories.

3. Product of types
In this section, we suppose that T does not contain any function symbol.

DeriniTiON 1. Let p € S, (M), p definable, g € S;(#). We define the product
p X q as the n + [ complete type on # realized by (a"b), where:

-beM' M DM M is (| M|)*-saturated and t(b, #) = q.
—a €M™ and 1(a, M Ub) is the heir of p on M U b.

We should stress, of course, that the definition is coherent, i.e. provided the
conditions above are satisfied, t((a " 5), M) does not depend on the particular q,
b and M’ chosen. It is possible to define p X q in a purely syntactical way, but
this leads to complicated notations.

Examples 1 and 2 of Section 2 illustrate the notion of products of types. In
particular, the product of ultrafilters corresponds to the product of types. The
two following propositions are easily proved:

ProposiTiON 2. Let p € S.(M), p definable, M D M, p’ the heir of p on M’,
qES(M), and q' € S\(M'), q C q'. Then p' X q' is an extension of p X q.

ProposiTioN 3. Let p € S.(M), g € Si(M), p and q definable. Then p X q is
definable.

In [9], we gave a proof of the following theorem, using the notion of ¢-rank.
The idea of the proof presented here was suggested by Lachlan.

THEOREM 4 (commutativity of the product of types). Suppose T is stable, and
let M C M, GaEM" bEM" pES.(M),qE S (M) Ift((a,b), M)=p X q, then
t((b,a), M)=q xp.

Proor. Let M, D M such that M, is | M |*-saturated. Let d and d’ be
schemas defining p and q; define the sequences (dx; k € @) and (b, ; k € w) by
induction on k such that:

—ar E M7 and a, realizes d(ﬂu Ulaglu Uy Il;,l)
i<k j<k
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over MUU ,o|a|uU,wl|b]. -beMl and b realizes
a'#u Ui§k|di|U Ul<k|5i|) over M U UiSkIdilu Ui<k|5i|'

By Proposition 2,9, if i > j, @ realizes the heir of p on # U | b; |, and therefore
(a" b;) realizes p X q over M. Similarly, if j = i, (b, a,) realizes q X p over .#. If
we suppose the theorem false, then there exists ¢ € L,..,(M) such that:

it i) then bi|=16(b,a)
if j=i, then M, |=¢(b,a).

Therefore, ¢ has the order property (see [16]), and T is not stable.

Remark. If we do not suppose T stable, it is possible for p and q to be
definable complete types on ./, and for the conclusion of Theorem 4 to fail: this
is shown by the example of ultrafilters over o (Example 1 of Section 2).

We shall suppose, until the end of this section, that T is stable. If # C o, we
shall denote by hl . the map from S, (#) into S, (&), which maps p € S.(#) to
its heir on . Then:

THEOREM 5. hl .« is a continuous map.

Proor. We have to show that if U is a clopen set of S.(sf) then (h%«) ' (U)
is an open set of S.(4). Suppose that

U={p;p€E€S.(«) and ¢(X.,a)Ep} where ¢EL,.. and a€A*

Let #M'D o, M'is (| A |))*-saturated, and q € S.(#). Then the following are
equivalent:

1) ¢(% d)Ehldq) )

2) Forany b € M, if t(b, #f U a) is the heir of g on # U a, then M'|= (b, a).

3) For any b € M™, if t(b, M) = q and t(a, M U b) is the heir of t(a, #), then
M [= o(b, @).

Let d be a k-schema on . defining ¢(a, #), and set ¢, = ¢ (0,, % ). Then 3) is
equivalent to:

4) For any beM™ if t(bM)=gq, then M'|=d(¢.)(b). Therefore
(hius) ' (U)={q;q € S.(M) and d(¢.)(%.)E q} and this is a clopen set of
S.(AM).

Remark 1. This theorem proves that the map h’% « is a continuous section of
i%« This property is characteristic of hl .. Indeed if h' is another continuous
section of i%.« then h' and h’, . are identical on the set {t(m, M), m € M"}
which is dense in S, ().
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REMARK 2. Theorems 4) and 5) imply that the map from S, (#) X S,(#) into
S.+1 () which maps (p, q) to p X q is continuous in each of the two variables.
But it is not a continuous map: suppose n = [ =1, for the sake of simplicity.

The set x = {t((a, b); M);(a, b) € M?} is dense in S,(#); on the other hand, if
(a,b)E€ M?, then t((a,b), M) =t(a, M) t(b,M). If we suppose the product
continuous, then its range is a closed set and includes x. S0 it is an onto map; but
we can easily see that if p € §,(#) and p is not realized in 4, then the 2-type
generated by p U{x, = x.} is not the product of two complete 1-types on .

The proof of the following lemma is easy.

LEMMA 6. Let M C of and p € S,.(A). If for all A, such that M C o4, C oA and
A,— M is finite, p | o, is the heir of p| M, then p is the heir of p | M.

DEerFINITION 7. Let M C €6, M C A C € and M C B C 6. We say that &/ and
B are independent over M, if for every @ € A and b € B, t(a, # U b) is the heir
of t(a, M).

By Theorem 4, we see that the independence relation is symmetrical. By
Lemma 6, if o and & are independent over A, and a € A, then t(a, B) is the
heir of t(a, M).

THEOREM 8. Let M C M' C B and M C A C B, and suppose that A and M’
are independent over M. Then hiyq° iy u=i54°hu a
This means that the diagram:

Sn(%)

Sa(A)

Sn (M)

commutes.

Proor. All the functions which we utilize are continuous. Since
{t(m, M"); m € M} is dense in S, (M), it is sufficient to prove that, for every
m€E M’" we have:
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Rl U ult(m, M) = iGa° hlua(t(m, M')).

Let m € M'". Then t(r, M') has a unique complete extension to %, viz. its heir
on A, which is also t(m, #B). On the other hand i%.(t(m, B)) = t(m, o).
Therefore:

iGuhi.a(t(m, M) = t1(m, o).

We also know that i%. «(t(m, #')) = t(m, M), and the hypothesis implies that
t(m, o) is the heir of t(m, #). Therefore:

hao e (0, M) = 10, ).

PropOSITION 9. Let MC A MCBCM', and suppose that M' s
(| A ||+ || B|))*-saturated. Then there is sf' C M' which is M -isomorphic to A, and
such that o' and B are independent over M.

Proor. First consider the case where A — M is finite. Let @ be a sequence
which enumerates A — M, and a’ be such that @’ € M’ and t(a’, B) is the heir of
t(a, #). By Proposition 2, 9, 5), it should be clear that B and # U a’ are
independent over .

For the general case, introduce for each a € A a new constant symbol y,, and
consider:

E = {‘P(YGO’ Yas " 7 )’a,,_,); nE w, (ao, MY a,._1)€ A", ¢ E Ln(%) and

©(%.) € hla(t(ao, - -, an_s), M)}.

By the first part of this proof, every finite subset of E can be interpreted in ('
Therefore E can be interpreted in #'; if f(a) is the element of M’ which
interprets y, (in a fixed interpretation of E) then f is an #-monomorphism from
o' into M’, and for every a € A, t(f(a), B) is the heir of t(a, M) = t(f(a), M).

4. Ranks

In this section, we shall suppose that L does not contain any constant on
function symbols, and that T is stable. We denote by On* the class of ordinals
plus one element «, being understood that a <o for any ordinal a. We set
$*(T)= U .co U uexm Si(H).

DEFINITION. A rank-notion is a map R from S$*(T) into On*, satisfying the
following axioms:
1/ If £ C R and p € S.(B), then R(p)=R(p | A).
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2/ If f is an isomorphism from & on to &', and if p € S,(«’) then
R(p)=R({f(p)).

3/ If £ CB and p € S,.(HA), then there exist p, € S,(RB) such that p C p,,
and R(p) = R(p)).

4/ For o and p € S,(«A), there is a cardinal A such that, for all B D «, if
R(p) <,

{pi;pr € S.(B),pCpr and R(p)=R(p)H=A.

5/ If p €S.(A), there exists o, C & with A, finite such that R(p)=
R(p | o).

Axioms 1/ and 2/ are equivalent to the following single axiom:

1’/ If f is a monomorphism from & into &', and p € S,(s{’), then R(p)=
R(f(p)).

Most of the ordinal-valued ranks which have been defined satisfy these
conditions. Morley, in [12], defined a rank-notion which we shall denote by R,.
(In fact, he defines R, only for 1-types, but there is no difficulty in generalizing
his definition.)®

It should be noted that if T is superstable, then there exists a rank-notion R
such that, for every p € $*(T), R(p) <. Take for example Deg as defined in
[15], or rank as defined in [17]. The converse is true (cf. [15] and the remarks at
the end of this section).

In the following, R will always denote a rank-notion; R(a, &) will be
R(t(a, A)).

DeriniTION 2. Let R and R’ be two rank-notions. We say that R and R’ are
equivalent if for any A C B, n € w and p € S,(AB) such that R(p) <o and
R'(p)<w, R(p)=R(p | s4) if and only if R'(p)=R'(p I s4).

ProrosITION 3. Suppose p € S,.(4), and R(p) <. Then there exists M D A,
such that, for any B DM and p,,p. extensions of p in S,(B) such that
R(p1) = R(p2) = R(p), if p# p: then p, [ M# p: [ M.

Proor. Let A be the cardinal given by axiom 4/ in Definition 1, and # D o ;
M is (| A ||+ A +]| T|)*-saturated. We shall see that # fulfills the required
condition.

For any ¢:, g2 € S.(M), g1 # g2, let 6(q,, g.) be 2 finite substructure of 4 such
™ For superstable theories, axiom 5 follows from axioms 1-4. Furthermore the theorems of this

section can be extended to rank-notion for stable theories satisfying only axioms 1-4. This more
general result makes use of Shelah’s notion of forking.
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that ¢, | €(q1,92)#q: | €(g1,9) and set €=sU U{%(q19);
41,92 € Sa(M), g1 # 92,0 € 41, p € g and R(q:) = R(q:) = R(p)}. We see that
[Cll=A +|| A, and if g1, and g are two distinct extensions of p in S, () of the
same rank, then q, | €#¢q. | 6.

Suppose now that

B DM, p1,p2 € Sa(B), p Cpr,p C P2, 1 # p2, R(p) = R(p2) = R(p).

We may suppose that B — M is finite, and let b be a finite sequence which
enumerates this set. There exist b, € M such that t(b,, €)= 1t(b,€) and a
€-isomorphism f from €,Ub onto € U b, Therefore f(p, | € Ub) and
f(p: | € Ub) are distinct extensions of p in S,(€ U b,) of the same rank. So
for 1 6UB) 1 6f(p. 1 € UB) I G butf(p, [ €UB) I €=flp I €)=p: 1 6
since f is a €-isomorphism, and similarly f(p. | € Ub)=p. | 6. Therefore
pi | €#p. | € and p, [ M#p. | M

THEOREM 4. Let p € S,(M), £ D M and p' the heir of p on . Then:

1/ R(p")= R(p)-
2/ If R(p) <, then p' is the unique extension of p in S,() with R(p") = R(p).

Proor. We shall prove the theorem by induction: suppose it is true for every
M, A, p, provided that R(p) < a (with @ € On*). Clearly, in order to prove that
1/ is true when R(p)= a, we may suppose that & is a model of T. So set

B =inf{R(p"); M is a model of T, #,D M, p € S.(#M), R(p)=a and p’' is
the heir of p on M}

and suppose for contradiction that 8 < a. There exist #, M., p, p’ as required
such that R(p’) = B.Let M'be a|M,|"-saturated model of T containing 4. By
Proposition 3,9, there exists ., such that # C M. C M', M, is M-isomorphic to
M, and M, and M, are independent over . Let q be an extension of p in S, (H>)
such that R(q)= R(p). By isomorphism, q is not the heir of p.

Now by Theorem 3,8, if q' is the heir of g on M’, q' is an extension of p’. By
the definition of 8, R(q') = B, and since R(p’) = B, we see that R(q')= R(p') =
B- But B < =, and by the induction hypothesis, q' is the heir of p’, so it is the heir
of p. Therefore, g, which is its restriction to A, is the heir of p, which is
impossible.

Let us turn to part 2/ . Suppose p € S.(M), R(p) = «, and q is an extension of
p in S.(sf) with R(q) = a. By Proposition 3, there is .#,, such that, for every
B D M., and p,, p: extensions of p in S,(%B) such that R(p,) = R(p.) = R(p), if
p1 # p2, then p, | M# p, | M. This implies that if q is an extension of p in S,.(%B)
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such that R(q) = R(p), q has the unique extension in S,(%) of the same rank,
and from the first part of the proof, this extension has to be the heir of g on 3.

Now, if ' is a model containing o and (| A ||+|M,|)*-saturated, there
exists M, C M’ which is #-isomorphic to 4, which has therefore the same
properties, and such that o and #, are independent over #. Let r be an
extension of ¢ in S, (.#’) such that R(r)= R(q)= R(p), so that r is the heir of
r | M,. By Theorem 3,8, this implies that q is the heir of p.

CorOLLARY 5. If p € S,(M) and Ro(p) <, then the degree of p is 1.
This was first proved by Lachlan. |

PROPOSITION 6. Let R and R’ be rank-notions, and b, ¢ € M, s C M, and
suppose that R(b, o U ¢)= R(b, f)<». Then R'(¢, o4 Ub)= R'(¢, A).

Proor. We first assume that o is a model of T; then by Theorem 4,
t(b, £ U ¢) is the heir of t(b, /) and by Theorem 3, 4, t((¢, £ U b) is the heir of
t(¢, o U b). Therefore R'(¢, 4 U b)=R'(¢, A).

To prove the general case, suppose ' is an elementary extension of # which
is || M ||*-saturated, and construct first ¢; € M’, next b € M’, such that:

(¢, A)=1t(¢,, %) and R'(¢:, 4)=R'(c;, M)=R'(¢, A)
t(h" ¢, A)=t(h,"¢,, ) and R(by, M U ¢,)=R(b,, A UG)=R(b, A UFP).

It is clear that t(b,, of)=t(b,f), R(b;, )= R(b,&{) and R'(¢, 4 Ub)=
R'(é:, A U by).

Now suppose that R(b, 4 U¢)=R(b,A)<». Then R(b, A U¢é)=
R (b1, #) = R(b,, M U &;) <, and we may deduce, by axiom 1/

R(b,, M)= R(bi, M V).
By the first part of the proof, we get

R'(Eh./“ U b_1): R’(Eh\/“): R’(él, .Sd)

and, again by axiom 1/
R'(¢,, 4)=R'(¢,, 4 Ub,)=R'(¢,4)=R'(¢, 4 Ub).
By taking R’ = R, we get:

THEOREM 7 (reciprocity principle). Let bceEM, 4 CM and suppose
R(b,sf UC)<® and R(¢, 4 Ub)<». Then

R(b,dU&)=R(b, o) if R(G, 4 Ub)=R(G ).
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RemARK. This principle generalizes the exchange principle: Let & C 4 such
that for every a € A, R(a) =1, or even more generally such that the rank of any
complete extension of t(a) is 0 or equal to R(a). Then, for all B C M, a E A,
and ¢ EM, if t(c, B) is not algebraic, but t{c, B Ua) is, then t(a, B Uc) is
algebraic.

ProPoSITION 8. LetA C M, b, ¢ € M, and suppose Ro(b, o U &)= RO(I;, A)<
w and Ro(¢, s U b)<o; then d(b, 4 U ¢) = d(b, ) if and only if d(¢, 4 U b) =
d(c, o).

Here d(b, s{) denotes the degree of t(b, ) as defined in [12).

Proor. Given the hypothesis, the following are equivalent:

d(e, f)=d(¢ A Ub).

t(¢, &) has a unique complete extension of same rank over & U b.

For any M' DM, b',c'€ M’ such that t(b, )= t(b’, o), (¢, A)=t(c', )
and Ro(b', f Uc')= Ro(b’, #), we have t(b'"c', )= t(h" ¢, ).

This last condition is symmetric in b and ¢, and the proposition is proved.

ExampLE. Dickmann [6, p. 179] asks the following: Let & C # such that, for
any a €A, Re(a)=1, and d(a)=1, and suppose that &f is algebraically
independent. Let b € M, an algebraic point (that is R(b) = 0).

Is it always true that d(b) = d(b, A)?

Answer: Yes.

Otherwise there would exist o, C o, A, finite, and a € A such that
d(b, o U a)< d(b, A,). But

Ro(b, o U a) = Ro(b, ) =0.

Therefore Ro(a, foU b)= Ro(a, Ap)=1, and d(a, doU b)=d(a, do)=1 and
this is impossible.

From now on and until the end of the Corollary 17, we shall suppose that T is
superstable; R; will denote a rank-notion such that, for any p € $*(T),
Ri(p) <o,

THEOREM 9. Any two rank-notions are equivalent.

Proor. Let R and R’ be rank-notions, o C B, p € S.(R), and suppose that
R(p)=R(p | &)<x. We have to prove that R'(p)=R'(p | ).
Let M D %B,and ¢ € M" be such that t(¢, B) = p; then for any b € B, we have

R, #)=R(E,AUb)<w.
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By Proposition 6, applied to R, Ry,

Ry(b, o U €)= Ru(b, )
and, since R,(b, o U )<,

R'(¢, AUC)=R'(¢c, A).
And this, together with axiom 5, easily implies

R'(¢, B)=R'(¢,4)=R'(p)=R'(p | A).
DeriNiTION 10. Let  C B C M and of C € C M. We say that B and € are

independent over &, if for any b € B and ¢ € C we have

Ry(b, )= Ry(b, o U ¢).

This definition requires some comments. First of all, it is not contradictory
with Definition 3,7, as follows from Theorem 4. Second, the notion of
independence does not depend upon the particular rank-notion R,; chosen
(provided that, for any p € $*(T), Ri(p) < ): this is a consequence of Theorem
9. Finally the independence relation is symmetric (Theorem 6), and by axiom 5,
if B and € are independent over &, then for any b € B,

Ry (b, )= Ri(h, 4 U %).

ProproSITION 11. Let A CBC M and A C€, and suppose that M is
(I B+ C|)*-saturated. Then there exists €' such that A C €' CM, €' is
A -isomorphic to €, and €' and B are independent over A.

Proor. Consider the set
K={(6,%1f); A C6 C6ACECMBand €,
are independent, and f is an o -isomorphism from €1, onto €.}
and define the order on K by setting
(61, 61, f1) < (62, €5, f-) if and only if €, C 6., €1C €',

and f, extends f,.

This set is not emply (since (o, o, es») € K), and it is clear that any linearly
ordered subset of K is bounded in K. So we may apply Zorn’s lemma: let
(€., €4, fo) be maximal in K.
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Let ¢ € C. Then there is ¢’ € M’ such that
t(c', €s) = fi(t(c, 60))
and Ri(c’, 65)= Ri(c', 60U B).

From this, for any b€ B,R\(b, €5)= Ri(b,€,Uc’). But we know that
R(b, %)= Ry(b, o); therefore B and €,Uc’ are independent, and by the
maximality of (€, €1, f1), ¢ € Co and Cy,= C.

THEOREM 12. Let A C My, p € S.(H), M, C M, and suppose that |M| =
| M| and M is saturated. If p, and p, are two extensions of p in S,(M) such that
Ry(p1) = Ri(p,), then there is an s -automorphism f of M such that f* (p.) = ps.

PrROOF. Letp;=p, | M, and p;=p, | M, andlet a and a, be elements of M
realizing p; and p; over M, respectively. Since t(a, o) = t(a., A )= p, there is an
oA -automorphism h of M such that h(a) = a,. Let M5= h™'(M,) and call h’ the
restriction of h to A5, so that h’ is an isomorphism from 4 ; onto #,. We have

(@, M3)= R (t(dz, M) = B (ph).

Now, by Proposition 11, there is M, C M, { C M. and g an (L U a)-
isomorphism from #,Ud onto #M5U 4, such that #,Ua and M, U a are
independent over &/ U a. Let g’ be the restriction of g to ., so that g’ is an
isomorphism from /, onto ;, and h’~ g’ is an isomorphism from 4, onto #,.
We have PN

1@ M;)=g" (t(a M) =(h'>g) (p3).
For any m € M,, we have
Ry(, & U @) = Ry(rh, M, U @)

since M, U a and M, U d are independent over o U d. On the other hand, our
hypothesis is:

Ry(a, )= Ry(a, M;)= Ri(a, 4 U m)
and by the reciprocity principle
R,(m, A)=R,(m, 4 U a).

Therefore
Rl(m, &4) = Rl(m, ./“2 U d) = Rl(n'_l, ./“2)

and
R](a_, ./%2) = Rl(d, ./“2 U m).
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Recall that this is true for any m € M,. So

Rl(d, ./“2) = R](d, \/“1 U ./“2)

and

R.(G, M) = Ry(d, ), since R.(d, #:) = Ry(p3).

We see that ¢(4, #, U M) and p, | M, U M, are two extensions of pi, of equal
rank. So by Theorem 4, t(a, #,U M;)=p, | M, U M, and t(a, M) C pi.

Now let f be an &f -automorphism of # which extends h'c g’. Then f*(p.) is an
extension of (h'° g')" (p3) = t(a, M) and we have seen that the same holds for p1.
But they still have the same rank as p, and therefore f"'(pz) = p.

ProrosiTiION 13. Let A C B, and p € S.(B). The three following conditions
are equivalent:

1/ Ri(p)=Ru(p | A).

2/ Forany M and M’ such that f C M C M' and B C M', there is an extension
q of p in S,(M') such that q is the heir of q | M.

3/ There exist M and M’ such that A CMC M, BC M and B and M are

independent over o, and an extension q of p in S,(M') such that q is the heir of
q | M

PROOF.

1/—2/. Let q be an extension of p in S,(#’) such that R,(q)= R.(p)=
Ri(p | o). By axiom 1, Ri(q)= Ri(q | M), and q is the heir of q | M.

2/— 3/ follows immediately from Proposition 11.

3/—1/.Let M, D M’, and ¢ € M, realizes q over J'. The hypothesis implies

Ry, M')= Ry (& M), andforany HE B, R(GMUDb)= R\ M)
and
Ri(b, M UC)=Ri(b,M)=Ri(b, )= Ry(b, A U¢);

consequently,

R(¢B)=Ri(¢, ) and Ri(p)=R.(p | ).

ReMaRrk. For a type and one of its restrictions, the relation “to have the
same rank” does not depend on the rank-notion considered. It seems normal,
therefore that this relation be expressible without any mention of any rank-
notion: this is precisely the content of condition 2/.
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COROLLARY 14. For A C B, and n € w, let
Fi4={p;p €S:.(B) and Ri(p)=Rup [ )}

Then Fj% 4 is a closed set.

Proor. Let M, M’ be such that A C M CM', BC M and B and M are
independent over &. Then, by the preceding proposition

ot = hluwoiluS" (M)

and we know that the image of a compact Hausdorft space under a continuous
map is a closed set.

THEOREM 15. Suppose A C B and let j5 « be the restriction of i% .« to F «,
then |5 « is an open map. Observe also that by axiom 3/, j% « is an onto map.

Proor. For notational convenience, set F = Fj o and j = j& .. Let U be an
open set of F, and V = j(U).

1/ We first prove that V is an open set of S, (&) when % is a saturated model
of T, with | B||>|| A ||+ T|l. Let U* = U{f*(U); f is an sf-automorphism of
A}. Then U* is an open set of F, and j(U*)=j(U)=V.Let G=F-U*; G is
a closed set of F, and since j is onto S,(#£)— V C j(G). On the other hand, j(G)
is a closed set; so we will be done if we prove that S,(#)— V =j(G) or,
equivalently, j(G)N V = . To reach a contradiction, suppose q € j (G)N V;
there is q: € G such that j(q:) = q, and q: € U such that j(q.) = q. By Theorem
12, there is an «-automorphism f of B such that q, = f*(q.), and g, € U*, which
is impossible.

2/ Consider now the general case. Let # be a saturated model which includes
B of cardinality greater than | A |+ T|. There is U,, an open set in S,(%#),
such that U= U, NF. Let

U'=(i%a) (U)NFiya.

Then U’ is an open set in F’ . and it suffices to prove that V = ji (U).

If g€ U, jua(q)€ U, and Ri(jua(q))=Ri(q [ o) so jua(q)EU and
Jus(q)=j(jus(q)) € V.If p € V, there is p, € U such that j(p:) = p. Let q be an
extension of p, in S,(.#), such that Ri(q)= R:(p:) = R:«(p). Then q € U’ and
Jusq) = p.

COROLLARY 16. Let of C B, p € S.(B), and suppose that R,(p) = R.(p | )
and p | A is not isolated. Then p is not isolated.
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Proor. If p were isolated, it would be isolated in F§ o, and p | & would also
be isolated in S,(A).

CoroLLARY 17. Suppose T denumerable, s{ C M, A finite, and M prime over
A. Let ' C M. Then there is B, C M', By finite, such that M’ is prime over B,.

Proor. Let a be a sequence which enumerates A, and consider
a =inf{R(a, B); B C M, B isfinite}.

There is B, C M’', B, finite, such that a = R.(d, B,). Let b, be a sequence which
enumerates B,, and ¢ € M".

We see that R,(a, B,U¢)= Ri(a, B,), and therefore R,(C, B,Udg) =
Ri(¢, Ro). But t(¢, Bo U @) is isolated (because t(¢ * bo, o) is), and, by Corollary
16, t(¢, RBo) is isolated.

We shall conclude this chapter with some remarks. We assume now that T is
stable.

1) The cardinal A in axiom 4/ can be taken to be 2'"" Let p € S,(«), and
B D A and suppose R(p) <. There is oo C o, A, finite, such that R(p)=
R(p | o), and let M, M’ be such that BC M', A, C M C M, ||M|=]|T]. Let
u be a cardinal, and {p:;i < u} a set of extensions of p in S,(%) such that, for
any i <j<u, p#p; and R(p.)= R(p).

For every i < pu, there is an extension ¢; of p; in S,(#) such that R(q;)) =
R(p:))=R(p)=R(p | #A), and by axiom 1/, R(q:) = R(q: | M). Therefore, by
Theorem 4, for any i <j <y, ¢ [M#q | M and p =|S.(M)]|=2"".

2) Suppose now that there exists a rank-notion R such that, for any
pE€S*(T), R(p)<=. For any o € K(T), we have

Si(H)= U{Flu; AoC oA, A, finite},

where Fy4,={p;p € Si(«A) and R(p)=R(p | o}. By remark 1/, | Flu| =
2T | Si(Ao)|[=2'"" and it is clear that ||[{sfo; o C o, A, finite}]|=] A |.
Therefore, for any o C K(T), || Si(#)||=2"|| A |, and T is superstable.

3) There exists an ordinal a such that, for any p € S*(T), if R(p) > a, then
R(p)==: let M be an Ro-saturated model. If p € S*(T), there is f € K(T), A
finite, such that R(p)=R(p | «), and 4'C M and p’'E S.(#’) such that
R(p')= R(p). There also exists g € S, (M) such that R(q) = R(p). Therefore it
suffices to take a =sup{R(p);p € U, S.(M#) and R(p) € On}.

4) It should be noted that all rank-notions which have been introduced (R, ,
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and the various notions introduced by Shelah) satisfy a stronger axiom than 5),
namely;

5) If p € S.(«#) and R(p)= a, there is poC p, po finite such that, for any
q2po, q € S:(H), R(g)=a

This can be topologically expressed by a continuity property of R: For any
s, n, and a € On, the set {p;p € S.() and R(p) > a} is closed in S,.(HA).

5. The rank U and Lachlan’s theorem

In this section T will be assumed to be superstable, and L without constants or
function symbols.

DerFniTION 1. Let R be a rank-notion; we shall say that R is connected if
and only if:

1) For any p € S*(T), R(p) <.

2) For any p € $*(T) and & € On, if R(p)> a, then there is a complete
extension p’ of p such that R(p') = a.

THEOREM 2. There is one and only one connected rank -notion.
Proor. The proof will follow immediately from Lemma 3 and 4.

LemMmA 3. Let V be a connected rank -notion and R be a rank-notion. Then
for any p € S*(T), R(p)= V(p).

Proor. By induction suppose that we know that for all B <a and
p € S*(T), V(p)= B implies R(p) = B. Now let q € S.() such that V(p)= a.
Then for any B < a, there exist B D & and an extension q’ of q in S.(%) such
that V(q') = B. By the induction hypothesis we infer R(q’) Z B, and by Theorem
4,9, R(q)> R(q’) or R(q) = . In either case R(q)> B, and since this is true for
any B <a, R(q)z a

LemMa 4. There exists a connected rank-notion.

Proor. Let R be a rank-notion such that for any p € $*(T), R(b) <00,
Define a predicate on On X $*(T), denoted by “U(p) 2 a”, by induction on a:

“U(p)=0” is true for any p € S*(T).

If « is a limit ordinal, then “U(p)Z a”, is true if and only if for all 8 <a,
“U(p)=B” is true. _

“U(p)Z a + 17 if and only if there is a complete extension p’ of p such that
“U(p)z a” is true and R(p)# R(p').
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If there are ordinals a such that “U(p) = a + 1 is false, we shall denote U(p)
the least such ordinal; if not we set U(p)= .

Claim 1. Haz, and “U(p)= a” “is true, then “U(p) = B is true. The
proof is by induction on 8. For B8 =0 or 8 a limit ordinal the result is clear.
When a is a limit ordinal, it is again obvious, so we may assume that « = a'+1
and B = B’'+ 1. Then there is p’, a complete extension of p, such that R(p') <
R(p), and “U(p’)Z «'” is true. By the induction hypothesis we know that
“U(p'y= B" is true, and therefore “U(p)= B is true.

It easily follows that “U(p)= a” is true if and only if U(p)Z a.

Claim 2. The map U verifies axioms 1/ and 2/ of Definition 4,1. This should
be clear from the definition of U.

Claim 3. Suppose that p € S,(B), L C R, and R(p)=R(p [ «); then
U()=U(p | &). We prove by induction on « that U(p | &)= « implies
U(p)Z a. For @ =0 and « limit there is nothing to say. Suppose o =8 +1;
there is € 2 o, p' € S.(%) such that U(p')= B and R(p')< R(p). We may
suppose that C— A is finite and € and % are included in a common
| B ||*-saturated model .#. Let ¢’ be a sequence which enumerates C— A,
d € M" be such that 1(d, B)=p, and ¢ € M, d' € M such that:

t(d', 6)=p’
1 d, t)=1t(c'"d',A)

R, Ud)=R(BUA).
We then have:
Ud,4uUé)zB and R(d, A UE)<R(d,«)=R(d B).
From the reciprocity principle, we have that for any b € B,

R(b,s4)=R(b,4Ud) and R(h,4Ud)=R(b,dUdUZ?)

and therefore
R(b,dUcUd)=R(b,4UC) and R(d,BUE)=R(d oA UF).

By the induction hypothesis, U(d,8 U¢)= B, and on the other hand
R(d, B U¢)< R(d, B). Therefore, U(d, B)= U(p)=p +1.

It is also clear from the definition of U that if U(p)= U(p | &), then
R(p)=R(p | #); hence U verifies axioms 3/, 4/ and 5/ of Definition 4,1: we
have proved that U is a rank-notion.



80 D. LASCAR Israel J. Math.

Claim 4. For all p € $*(T), U(p) is an ordinal. Suppose not, and let
p € $*(T) be such that U(p) =« and R(p) is minimal. We know that there is
an a € On such that U(q) = a implies U(g) = . But U(p) = a + 1, and there is
a complete extension p’ of p such that U(p’)= « and R(p)> R(p’). But then
U(p’) = , which contradicts the minimality of R(p).

Claim 5. U is a connected rank-notion. The only thing which remains to be
shown is that if p € S, («f) and U(p)> B, then there is B D « and p' € S,.(B)
such that U(p’)= B and p Cp’. Let

Bo=min{U(q);q isacomplete extensionof p and U(q)= B}.

Clearly B, = B, and there is p,, a complete extension of p, such that U(p,) = B,. If
we suppose 3,> 8, then U(p,)= B + 1, and there is p, a complete extension of
p1 (and also of p) such that U(p,) = B and R(p;) < R(p,). But, by Theorem 4,9,
this implies U(p,) < U(p:), and this contradicts the minimality of B,.

This concludes the proof of Theorem 2. We see that the (unique) connected
rank-notion U introduced in the above proof enjoys another universal property:
it is the least rank-notion.”

We refer to [18, p. 367] or to [7, p. 80] for the definition of the natural sum of
ordinals, which we shall denote by a(+)a’ (in [7], it is written o(a, a')). A
characteristic property of this natural sum is that, if

a=ofn+on+ -+ on
and

a'=wPn+wPni+- -+ 0Pn

where ny, ny, « + +, i, ny, - - -, ni are non-negative integers and (B, 82, - -, B ) is a
strictly decreasing sequence of ordinals, then

a(+)a’'=wb (ni+n)+ o’ (n,+n)d+- -+ 0 (0 +np).

We have

ProrosiTioN 5. For any ordinals a, B, vy, a;:

1) a(+)B =B(+)a and (a(+)B)(+)y = a(+)(B(+)y).

2) If ay< a, then a,(+)B <a(+)B.

3 a(+)Bza+B.

4) Ifa(+)B > v, then there exist a, and B, such that a; < a and a,(+)B = yor
B.< B and a(+)B.= .

M It was proved by Prof. Shelah that this rank does not in general satisfy axiom 5’ which was
discussed at the end of the preceding section.
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5) If n€w, then a(+)n=a+n
6) If B#0 and y < w®, then a + 0® > a(+)y.

Proor. Properties 1) to 4) are in [7]. Properties 5) and 6) follow immediately
from the characteristic property.

In Propositions 6 through 9, we shall assume o C #, b € M*, ¢ € M", and M
| A *-saturated.

THEOREM 6. Let a be an ordinal; then:
U(b, )= U(b,d UZ)(+)a implies UG, A)z UG, AL Ub)+a

Proor. The proof will proceed by induction on U(b, /). Let a’' < a; then
U(b, 4)> U(b, f UE€)(+)a’, and since U is connected there is d € M such
that

(1) U(b,o)> U(b, 4 Ud) and

() Ub,LUd)zU(b,AUC)(+)a'

On the other hand t(b"d, o) is all that matters, so we may assume

B) Ud, 4 UbUc)=U(d o Ub),
and by reciprocity

4) U@, A Ub)=U(@E £ Ubud).

Two cases arise:

Case 1. U(b,4 Ué)=U(b, 4 U¢UA).

Then by reciprocity, (3) and (1) we have

G) UdAUue)=Ud,AUcUb)=U(d, A Ub)<U(d, o).

Now since U(b, o Ud)< U(b, £), we can use (2) and utilize the induction
hypothesis to get:

6) U@, dud)zU@EA4UbUd)+a.

By (4) ) )

7 UEdgUd)yzU@E,LUb)+a’
and by (5) and reciprocity

®) U, )z U@ AUb)+a'+1.

Case 2. U(b,dU&)zU(b, A UcUd).

Then by (2)

9 UbAtud)zUb,4UcUd)(+)(a'+1)
and, again by induction

(10) UG A Ud)zU@EAUbUd)+a'+1
and then, by (4), we get again

®) UE A)zU@EAUb)+a'+1.
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So (8) is true in every case, for any a’ < a, and
U@E A)ZU@E AUD)+ a

CoroLLARY 7. For any a € On and n € w, we have
Ub,A)zUb,AUE)+0* - niffUE A)ZUE AUb)+ 0" n.

Proor. By Proposition 4, for any 8 < w® - n, we have
U(b, 4)z U(b, o UC)(+)B
and by the last theorem
U(ce,A)zZU@E A Ub)+B.
Therefore, if a#0, w>-n is a limit ordinal and U(; )=
sup{U(E, A Ub)+B;B<w* - n}=U@EAUb)+ 0" n
If «a =0, then n = w* - n, and it is immediate.
THEOREM 8. We have
UEAUb)+ UMb, A)=Ub ¢, A)=U@E, A Ub)(+)U (b, A).

ProoOF.
1) We first prove that

U@ 4 Ub)y=U(Mb"¢ A Ub).
If we suppose U(¢, f Ub)= U(b"¢, s Ub)+1, then we deduce
UG AUD)ZUEAUDbUDUE)(+)UMB"EALUb)+1)
and by Theorem 6,
Ub eAUbYZUMbB e, AUbUE)+ UMD e, AUb)+1,

which is impossible.
If we now assume U(h*¢, 4 Ub)= U(¢, 4 Ub)+1, then

UGB e AUb)ZUbB e, AUbUE)(+)UEAUb)+1)
and by Theorem 6,
U@ AUb)ZU@EAUbUbUE)+ U@, AUb)+1

which is again impossible.
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2) U’ ¢, A)z U, A Ub)(+)(U(b, )+ 1) is impossible because it im-
plies U(b"¢, A)=U(b"¢, o Ub)(+)(U(b, )+ 1) and

U, A)zUb,AUbUC)+ U, A)+1.

3) On the other hand, we have U(b, )= U(b,sf Ub U ¢)(+) U (b, o) and
therefore U(b" ¢, 4)= U ", A Ub)(+)U (b, ).

It is not in general the case that U(b"¢ )= U(b, A UE)(+)U(E o).
However, something positive can be said:

We shall say that b and ¢ are independent over s if | b | and | ¢ | are, and that b
and ¢ are independent if they are independent over the empty set.

ProPOSITION 9. If b and & are independent over i, then
U ¢ )= U(b,A)(+) U(E o).

ProoF. We only have to prove U(b"¢ )= U(b, A)(+)U (¢, A). We
proceed by induction on U(b, ) (+) U (¢, o). Suppose by way of contradic-
tion, that

U édy< U AY(+)U(@E A);

then there exist « and B such that
(1) a<U(b,o)and U ¢, A)<a (+)U(G ) or
(2) B< UG ) and U(b"¢, )= B(+)U(b, A).
The proof is the same in either case, so we may assume (1).
There is d € M such that
3) Ub,4Ud)za and
@) U(b,4)>U(b, A U ad).
Moreover, since nothing but (b " d, «f) matters, we may assume
(5) Ud, A Ub)=U(d, A UbuUZ).
Recall that by hypothesis
6) U@, 4 Ub)=U(G A).
By (5) and (6) and reciprocity
(7)) U@EAUb)=U@E A UbUd)=U( A)= U A Ub)
and therefore b and ¢ are independent over &/ U d. But since U(b, o/ U d)
(H)U@EAUd)< U, L) (+)U (G A) by (4) we may apply the induction
hypothesis, and get
® U edud)=Ub,AVd)(+)U@E A Ud)
and from (3) and (7)
9 Ub édUd)za(+)U(c, A).
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From (5)

10) U(d, U b e)=sU(d, A Ub)< U, A),
so by reciprocity

(11) Ub"c, 4 Ud)<U(b"c, A).
Now (9) and (11) contradict (1).

DEeriniTION 10, Let € be a set of substructures of M and o C J/#; we say that
& is independent over o if for any B € €, B and U (€ — {B}) are independent
over A.

If S is a subset of M, S is independent over of if {|5],~ 5 € S}is. If f =, we
do not mention it.

We leave the proof of the two following propositions to the reader.

ProrosiTioN 11.  Let of C M, and for every a < A, A, C M such that A, and
U s<a s are independent over . Then {54, ;@ < A} is independent over .

ProrosiTiON 12, Let s C M and € be a set of subsets of M which is
independent over {. Suppose that {&:;i € I} is a partition of €. Then {U &;
i € I} is independent over A.

THEOREM 13. Let A C M, bEM, SCM, and suppose that S is independent
over o and for any §E S, U(b, o U5)< U(b, ). We may write

(1) Uk, A)=w® n+w n,+ -+ w-n where k, n,,---, n are strictly
positive integers, and (B, Bz, - - -, B) is a strictly decreasing sequence of ordinals.
Then

IS<(ni+1) (na+1)---(n +1).

ProoF. We shall prove by induction on i, 0 =i = k, that if the hypotheses are

satisfied, and if
ISH= (=i + Di{naeiei + 1)+ -(m +1), thenfor C= U{|5|; §E€S},
we have
Ub,AUBG)=E 0P ni+wb npt -+ obin .
1) For i =0, we have |S| = n. +1; let
S={5;0=5 = n}.

Then, for any j, 0=j = n,, we have

U, A)> U, AUS).



Vol. 23, 1976 SUPERSTABLE THEORIES 85

From this and from (1) we infer:
U, A)z Uh, 4 U5)+ 0

and by Corollary 7, since s is independent over

UG, AU U [5|Ub)+0*=UG, 4 Ub)+ o™

i<<j

S UG #)=UE: U U |5

i<j

and again by Corollary 7,

U(b_,du U lm)gu(&xu U |s‘.-[)+wﬂk.

i<j i<j+1

This being true for j between 0 and n,, we get

U, A)= U(b, A U G)+ w1 -(n, +1)
and by (1)
Ub,AUE)< 0P ni+ o ny+ -+ ol m_,.
2) Let us prove now the property for i (0 <i = k) assuming it for i — 1. Let
{S;;0=j = m_;} be a partition of S, such that for every j, 0=j =n,_,
18 ]=(nxcisi+ 1) (Ricivat 1) (m + 1)

and set €, = U{|5|, §E€ S}, and §, a finite sequence which enumerates C,. By
Proposition 11, the set {5;;0=j = n._;} is independent over 4, and by the
induction hypothesis, for any j, 0=j = n,_;:
UMb, AUS)< o n+w- N I s T
As above
Ub,A)z U(b, A U 5)+ 0

and

U(s',,du U [ilu5)+w”*-' < UG, A Ub)+ w0

i<j

= UG, o) = U(s-,.,xu U s)

i<j
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and
U, A)zU(b, A U €)+ 0?1 (n—; +1).
Hence from (1) we get:
UbAUVUE)<w® n+o n+  +aef-1-n,_,_,

and the theorem is proved.
As a consequence we get the following theorem of Lachlan’s ([8]):

THEOREM 14. If T is a countable superstable theory which is not No-
categorical, then T has an infinite number of isomorphism types of countable
models.

Proor. First of all, we may suppose that, for all n € w, S.(T) is countable,
and therefore for all & such that A is finite, S.(sf) is countable, and there is a
model prime over &. On the other hand, since T is not No-categorical, there is n
and p € S,.(T) such that p is not isolated.

Consider the class:

K = {M; there exists of C M, A finite and M prime over o}.

We shall prove that for any M;, M., - - -, Ms € K, there exists 4’ € K which is not
isomorphic to any M, 1=i=k.

Let #" be an No-saturated model of T; we may assume that each 4 is
included in #"; suppose a; € M, and #, prime over @;;set 4 =, d>"" " G,
and

U@=ob n+o0® n+ -+ n

where k, n;, nz, - - -, n are strictly positive numbers and (B,, Bz, - - -, B ) a strictly
decreasing sequence of ordinals. Set m = (n, + 1) (n,+ 1) - -(my).

Now define by induction on i€ w, b €M™ such that t(b)=p and
U(b, U ;.b;)= U(b.). Then by Preposition 10, {b, i € w} is independent. Let
b=bo"b,"--"bn, and let M’ be a model prime over b. To prove that .’ is not
isomorphic to any #;(0 =i = k) it suffices to prove that ¢(b) is not realized in
any A, or more simply that ¢(b) is not realized in #(}, a model prime over 4.

If we suppose the contrary, then there exist, for 0 =i = m, ¢ € M}, such that
1(¢)=p, and {&;;0=i=m} is independent. But for all i, 0=i=m, U@E)>
U(¢,a) by Corollary 4,16, as t(&:) is not isolated while (¢, @) is; but this is
impossible by the choice of m, the value of U(@) and Theorem 13.
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